
Descriptive Set Theory
Lecture 19

Notation
.

For a subset A of
a Polish space ✗ I

↑ a class

of sets (e.g. IL , ITI, AL , B) , put
1^1×1 /

a
:= 1131A : B. c- TIX)} .

Obs
.
If A EX is closed

,
then MLK) /

a
≤ IT:(×)

,

where A i, treated as a Polish space . However
,

Eilxla 4- E. A) although b- d >-2
,
I:(×) /a ≤Eik.

Cor. For
any Polish ✗it here Y is uucfbl

,
7 4-

universalset U for -221×1 I MLK)
,
K child≥l

.

Proof
. By the perfect set property , Y uetaics a honour

.

upycof IN, hence C is a closed subset of Y
.

✗×
We already knew that 7 C-universal uts Br

-2%1×1 I IT:(x) , i.e . subsets of Cxx .3g It's enough to findY-uire.su/uhRea-rsthe 1T- classes
,
so let UECXX be

Y C-universal for 1%1×1 . Then UÑ%✗X)
c- 1T£ (4×11)

,
so U is 4-universal her 11-21×1 .

☒

by Observation



Car. V-un.tn Polish ✗
,
V- ✗H

,
I:(×) -1-1%1×1

,

in other words
, AIK) 4-
I:X
FBI (x) ¥

Aai A) .

Proof
.
let U he a X - universal sit for EICH

.

Then
Anti Diaylh) : -- { ✗ c-✗ : (xx) ¢-4 } = i' 1h41 nhve
l : ✗ ↳ 1×1×1

,
so AbiDiaz (h) c- ITS (X) .

But by the Cantor diagoaatitctia, AntiDig (a) ≠
Ux to each ✗ C-✗

,
so it is hot -22 .

Turning Bent sets into doper.

Theorem
. For

my
Polish space ✗ I a Boel set B ≤X

,

3- liner Polish top on ✗ in which B is cbpea .
Moreover

,
the finer open sits we still Boat is

the old Polich topology .

lemma loosed into doped . If F-≤✗ is closed then adjoining
f- to the top . keeps it Polish .

More precisely , if Y is a Polish top⇐

an ✗ I f-≤ ✗ is T- closed, then the



top . Ttf generated by TV 91=3 is Polish
.

Proof
.
F I F- are both Polish I TTF is the top
of their disjoint union , chick we have proven to

be Polish.

hmnalctbl unions
.

let Tu ≥ T be Polish top. on ✗ oitaiaig
a Polish top . T on X

.

Then the top -

Y'generated
by Yin is still Polish . Moreover

,
if Tn ≤Bit

,

then BIT1) = BIT)
.

( we will see later , by the Latin- Sons/in theorem
,

tht the

assumption Tn ≤Bt is not needed : it % ≤ T, are

both Polish
,
then automatically , I ≤ BCH . )

Proof
.
let ✗

'
= 1T$

,
Tu) I let c :X↳ X

'

by ✗⇒ tax
, ×, .

. . ) .
n

let D.= DX) , i. e. the diagonal in ✗
"Y X

'
is a ctbl

prod .

of Polish top . , hence Polish, I D ≤ X
'

is

closed by the Hausdorffun at × ! Then I from

IX
, T

' ) to D is a homeomorphism, so T' too is

Polish .

Indeed
,
c is continuous Genre proj,

◦ c :# TD
→ (X

,
Ta) is continuous f. r eh n

.
Also
,
it is

continuous beard as a map i
' :D → IX

,
Tn)



Ta
0

heme Y U c- Yu
,
(F)
"

1h) = Iu) -_ ✗✗ ✗ Uxxx . - DAD
so open in N

. ¥7k

Proof of Borel→ dopea .
let 9 ≤ BH) be the collection

of all Borel sits Blor which a liner
Polish top . on ✗ making B hopea and having

the
.mu Bond sets

.
We have shin tht 9 contains all open
sites h

,
Lemuel

,
I 3 is closed water

ctbl unions h
,

Len-a 2 + lemma / one more
.

Cor
.
let U ≤ BK) be a cfbl collection of Boel struts at
a Polish space X . 2 Inner Polish top making each

set in ✗ depend having the say Borel sits
as the original topology .

Proof
.

11
,

the theorem
,
7 Tu fer eat well

, making
U doper . Then Uta generates a Polish top

n

h
,
lemma 2

,
in which each UEU is chorea .

her
. Ay Borel function f :X → Y

,
X
,
Y Polish

,
is

continuous ii a liner Polish top . on ✗ having the



sun Borel uh .
Proof

.
let V be a chit basis for Y I make all
sets in f-' (V) dopa .

Cor . For
any Polish space ,

7 O -din fir Polish top
nifh the sane Borel sets

.

Cor . let ↑ ✗ be a Borel action of a cthl group
on a Polish ✗ , 3- Aur Polish top on ✗ uh the

sane Borel sets waking the action continuous
.

Proof
. HW

.

Cor
. Borel sets have the PSP (perfect set property !

Proof
. Ay Borel let B is doper in one finer Polish
top T

'

,
while the original Polish top is T

.

Then b
,

PSP her Polish spaces,
there is a

embedding c.2
'"
↳ B. c is still autiuuous with

respect to TIB ,
hence by the w-partum of 21N

at Hausdorffun of T
,

c is an e-bedding icto
(B
,
TIB) .



Making sits open in a new Polish top . for free .

Trivial black magic .

let 14%1,14%1 be top . spaces
at let

f : ✗ → Y be an arbitrary map .
let Tx

'
be

Yx f coarsest retirement uf Tx that makes f
wwticwous

,
i. e. TH = Txt f-

'

(Ty) .
It s then on the graph G off

,
GE ✗ ✗ Y

,f-
'
G) ✗

the topologies Tx ✗Ty al Ti ✗ Ty coincide
.

Proof
. Observe ht Hey ✗ 4) Ah = * ✗ V ) Ah , chieh is open
in Tx ✗ Ty .

Obs . let 44 be top spaces . A
way f. ✗ → Y is •ctinuoas

2--3 1T£ : ✗ → graph/f) by ✗↳ (x ,f(xD is a homeomorphism.

Proof
. <= . If It is continuous

,
then f-= projyo It is continuous

,

⇒
.
If f is cretinous

,
then If it coat

. here

idx-projxoitfdproju.co/Tf--f are
both actives

.

T
"

=P j✗ / graph(f)
hence continuous

.


